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We present a new approach to find exact solutions for cosmological models. By requiring the
existence of a symmetry transformation vector for the equations of motion of the given cosmolog-
ical model (without using either Lagrangian or Hamiltonian), one can find corresponding Hojman
conserved quantities. With the help of these conserved quantities, the analysis of the cosmological
model can be simplified. In the case of quintessence scalar-tensor models, we show that the Hojman
conserved quantities exist for a wide range of V (φ)-potentials and allow to find exact solutions for
the cosmic scale factor and the scalar field. Finally, we investigate the general cosmological behavior
of solutions by adopting a phase-space view.
PACS numbers: 11.25.Mj, 98.80.Cq, 04.50.Cd, 04.50.Kd
I. INTRODUCTION
Symmetries are a fundamental tool to study physical
systems since they allow to reduce dynamics and give in-
sight into conserved quantities. For example, the Noether
theorem has been widely adopted in classical and quan-
tum physics as well as in general relativity and cosmol-
ogy. As an example in general relativity, it is well-known
that the black hole entropy is a Noether conserved quan-
tity [1]. In cosmology, the so called Noether symmetry
approach provides a method to solve exactly dynamics
[2]. This approach is based on requiring the existence
of a Noether symmetry for the point-Lagrangian associ-
ated to the equations of motion for a given cosmological
model. It has been used in several alternative theories of
gravity [3] in order to find out exact cosmological solu-
tions, and also to fix the form of undetermined couplings
and potentials [4].
In this paper, we show that Hojman conservation the-
orem [5] can also provide an approach to find exact solu-
tions for the cosmological models. As we shall see below,
there is a main difference between the Noether conserva-
tion theorem and the Hojman conservation theorem. The
first relies on the Lagrangian (and Hamiltonian) struc-
ture of the equations of motion. In the Hojman pic-
ture, there is no need for Lagrangians and Hamiltonian
functions given a priori. The symmetry vectors and the
corresponding conserved quantities can be obtained by
using directly the equations of motion. Specifically, un-
like the Noether symmetry approach, it is not needed to
find first a point-Lagrangian for the equations of motion.
Moreover, these two approaches may give rise to different
conserved quantities. For example, in the case of mini-
mally coupled scalar-tensor gravity models, the Noether
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symmetry exists only for exponential potential V (φ) [2];
however, as we shall see below, the Hojman symmetry
exists for a wide range of potentials. In principle, the
Hojman conserved quantities theorem could be a differ-
ent class with respect to the Noether ones because they
do not require that field equations directly derive from a
Lagrangian.
In particular, using the Hojman approach, we find a
new class of scalar-field potentials. By a dynamical sys-
tem analysis, these model can be investigated for some
simple cases. We will show that there exist attractor so-
lutions corresponding to late time scalar-field dominated
universe and then interesting to address the dark energy
problem.
The layout of the paper is the following. In Sec. II, we
briefly review the Hojman conservation theorem. Secs:
III and IV are devoted to the application of the Hojman
conservation theorem to given scalar-tensormodels where
we find out exact solutions. In Sec. V, we investigate the
relevant phase-space features of the cosmological models.
Conclusions are drawn in Sec. VI.
II. THE HOJMAN CONSERVATION THEOREM
In order to point out the differences between the Hoj-
man and the Noether approaches, let us derive the con-
servation laws in the first case. Consider a set of second-
order differential equations
q¨i = F i(qj , q˙j , t) i, j = 1, ..., n (1)
where dots indicate derivatives with respect to time,
namely ” ˙ ” = d/dt. In the case of cosmology, it is ap-
propriate to interpret the dot as the differentiation with
respect to the cosmic time. Before stating the Hojman
conservation theorem, let us recall the definition of the
symmetry vector for the above equations. The symmetry
vector X i is defined so that the infinitesimal transforma-
2tion
q′i = qi + ǫX i(qj , q˙j , t) (2)
maps solutions qi of the equations (1) into solutions q′i
of the same equation [6]. It is straightforward to verify
that the symmetry vector for equations (1) satisfies
d2X i
dt2
− ∂F
i
∂qj
Xj − ∂F
i
∂q˙j
dXj
dt
= 0 (3)
with
d
dt
=
∂
∂t
+ q˙i
∂
∂qi
+ F i
∂
∂q˙i
. (4)
Keeping in mind the definition of the symmetry vector
X i, the Hojman conservation quantities can be defined
by the following [5]
Theorem:
1. if the ”force” F satisfies
∂F i
∂q˙i
= 0 (5)
then
Q =
∂X i
∂qi
+
∂
∂q˙i
(
dX i
dt
)
(6)
is a conserved quantity for equations (1), i.e. dQ
dt
= 0.
2. and if F satisfies
∂F i
∂q˙i
= − d
dt
ln γ (7)
where γ is a function of qi, then
Q =
1
γ
∂(γX i)
∂qi
+
∂
∂q˙i
(
dX i
dt
)
(8)
is a conserved quantity.
Such a theorem can be applied to dynamical systems de-
scribing cosmological models as we will show below.
III. HOJMAN CONSERVED QUANTITIES FOR
COSMOLOGICAL EQUATIONS
As an example for the above considerations, let us
consider the case of spatially flat Friedmann-Robertson-
Walker (FRW) space-time. The Friedman equations are
a¨ = −3p+ ρ
6
a (9)
a˙2 =
ρ
3
a2 (10)
where a(t) is the cosmic scale factor, p is the pressure of
the cosmic fluid and ρ is the corresponding energy density
(we work in units where c = 8πG = 1). If we assume that
the cosmic perfect fluid obeys the equation of state
p = wρ (11)
where −1 < w < 1, then combining equations (9) and
(10) we get
a¨ = α
a˙2
a
(12)
where α = − 3w+12 . Mathematically, equation (12)
can be considered as a one dimensional ”motion” un-
der the action of a ”position” and ”velocity” dependent
”force”. Comparing this equation with (1), it is clear
that F (a, a˙) = α a˙
2
a
. Thus one can easily show that
γ(a) = a−2α (13)
For the sake of simplicity, let us assume that the one di-
mensional symmetry vectorX dose not depend explicitly
on t, i.e. X = X(a, a˙). In this case, equation (3) takes
the form(
−α
a
∂X
∂a
+
∂2X
∂a2
+
α
a2
X
)
+ a˙2
α2
a2
∂2X
∂a˙2
+
a˙
(
2α
a
∂2X
∂a∂a˙
− α
a2
∂X
∂a˙
)
= 0
(14)
It is easy to verify that X(a, a˙) ∼ ana˙m is a solution
for this equation provided that n = 1 − mα. For this
symmetry vector, using equations (8) and (13), we find
the following conserved quantity
Q0 = (m+ 2)(α− 1)an−1a˙m (15)
Assuming w 6= −1, we can rewrite (15) as
a
1+3w
2 a˙ = c1 = const (16)
This nonlinear differential equation can be easily solved,
giving
a(t) =
[
3(1 + w)
2
(c1t+ c2)
] 2
3(1+w)
(17)
where c2 is an integration constant. In the case of dark
energy density (w = −1) Q0 vanishes, and equation (15)
does not lead to an exact solution for the cosmic scale
factor.
It should be stressed that, using equation (10), we can
rewrite equation (16) as ρa3(1+w) = const. Neverthe-
less, even without working through the details of finding
the symmetry vector, this expression can be directly de-
rived from the Friedmann equations. However, as we
shall see in the next section, in the context of other cos-
mological models, where there exist some undetermined
functions in the field equations, finding the Hojman con-
served quantity is not possible without calculating the
symmetry vector.
3IV. HOJMAN CONSERVED QUANTITIES AND
SCALAR-TENSOR COSMOLOGY
A time dependent vacuum energy is sometimes called
quintessence, and it is described by a scalar field φ min-
imally coupled to gravity [7]. The potential of the scalar
field V (φ) is chosen in a way that leads to late time ac-
celerated expansion. In a flat FRW space-time, the equa-
tions of motion are given by
a˙2
a2
=
1
3
[
φ˙2
2
+ V (φ)
]
(18)
a¨ =
a
3
[
V (φ)− φ˙2
]
(19)
We recall that the time derivative of (18) together with
(19) yield
φ¨+ 3
a˙
a
φ˙+ V ′(φ) = 0 (20)
which is a Klein-Gordon equation, the equation of motion
of the scalar field. Hereafter the prime means h′(y) =
dh(y)/dy. By introducing the variable x = ln a, and by
combining equations (18) and (19), we find the following
equation of motion
x¨ = −f(x)x˙2 (21)
where
f(x) =
1
2
φ′(x)2 (22)
With the assumption that a(t) and φ(t) are invertible
functions of t, the dynamics governed by equations (18)-
(20) can be reduced to a one dimensional motion. In
this case, equation (20) can be considered as a constraint
equation. From equation (21), it is clear that F (x, x˙) =
−f(x)x˙2, thus
γ(x) = γ0e
∫
f(x)dx (23)
where γ0 is an integration constant. Another useful dif-
ferential equation can be obtained by dividing equations
(20) and (18). The result is
V ′(φ)
V (φ)
=
f(x)φ′(x) − φ′′(x)− 3φ′(x)
3− 12φ′(x)2
(24)
If we assume that the one dimensional symmetry vector
X does not depend explicitly on time, then equation (3)
takes the following form(
f(x)
∂X
∂x
+ f ′(x)X +
∂2X
∂x2
)
+ x˙2f(x)2
∂2X
∂x˙2
−
x˙
(
2f(x)
∂2X
∂x∂x˙
+ f ′(x)
∂X
∂x˙
)
= 0
(25)
In order to find some solutions for this equation, we con-
sider the following cases:
A. The case X = X(x˙)
In this case, the only solution for (25) is
X(x˙) = A0x˙
n +A1x˙ (26)
and
f(x) = −
(
1
nx+ f0
)
(27)
where A0, A1, n and f0 are constant parameters. It is
straightforward to verify that the symmetry vector X ∼
x˙ leads to a zero constant of motion (Q = 0). Therefore,
without any loose of generality, we set A1 = 0 and n 6= 1.
Let us define a new variable as y = −(nx+f0) > 0. Note
that f(x) is a positive function. Now, by introducing
f(y) = 1
y
into equation (22), we find
φ(y) = φc ± 1
n
√
8y (28)
where φc is a constant. Furthermore, we can rewrite
equation (24) as
V ′(y)
V (y)
=
2
ny
− 1
y(1− 3y) (29)
The solution of this first order differential equation is
given by
V (y) = V0y
2−n
n (3y − 1) (30)
Using equation (28), the generic potential with respect
to ϕ = φ− φc is
V (ϕ) = λϕ
4
n − 8λ
3n2
ϕ
4
n
−2 (31)
where
λ = 3V0
(
n2
8
) 2
n
(32)
For n < 0, the potential (31) gives rise to the so called
intermediate inflationary model [8, 9]. In the case of
n = 1, this potential leads to the so called λϕ4 model [10].
However, note that for λϕ4 model there is no symmetry
vector in the form presented in (26).
On the other hand, using equations (8) and (23) we
find the Hojman conserved quantity as follows
x˙n
nx+ f0
= Q0 (33)
if x˙n > 0 then Q0 < 0, and if x˙
n < 0 then Q0 > 0. Also,
since x˙ can be negative or positive, we assume that n is
an integer number. Thus we rewrite (33) as
y˙n = (−n)ny|Q0| (34)
4The solution of this equation is given by
y(t) =
[
(1 − 1
n
)(y0 − n|Q0| 1n t)
] n
n−1
(35)
where y0 is an integration constant. Consequently, using
equations (28) and (35), we can summarize the exact
solution of a(t) and ϕ(t) for the potential (24) as follows
a(τ) = e−
f0
n e−
1
n [(1− 1n )τ ]
n
n−1
ϕ(τ) = ±
√
8
n
[
(1 − 1
n
)τ
] n
2(n−1) (36)
where the parameter τ is defined as
τ = y0 − n|Q0| 1n t (37)
Substituting these solutions together with the potential
(31) into equation (20), we get
V0 = |Q0| 2n (38)
Thus, a symmetry vector X ∼ x˙n exists for equation
(21), if the generic potential V (ϕ) takes the form (31).
Now, let us consider more general situations where the
symmetry vector X is a function of both x and x˙.
B. The case X(x, x˙) = x˙g(x)
Here g(x) is an arbitrary function of x, which we call
generating function. In this case, using equation (25), one
can show that X is a symmetry vector if the generating
function satisfies
f(x) =
1
2
φ′(x)2 =
g′′(x)
g′(x)
> 0 (39)
Solving this equation, we find the scalar field φ with re-
spect to x, namely
φ(x) = φc ±
√
2
∫ √
g′′(x)
g′(x)
dx (40)
On the other hand, the corresponding Hojman conserved
quantity is given by
x˙g′(x) = Q0 (41)
In general, this is a nonlinear first order differential equa-
tion for x(t) and can lead to an exact solution for the
cosmic scale factor.
By using equations (24) and (39), one can find the
generic potential with respect to x
V (x) = V0
g′′(x)− 3g′(x)
g′(x)3
(42)
It is obvious that the potential can be expressed in terms
of the first and second derivatives of the generating func-
tion. Substituting this potential into (20) and using (41),
we find V0 = −Q20. Thus the potential V (x) can be
rewritten as
V (x) = Q20
3g′(x) − g′′(x)
g′(x)3
= Q20(3 − f(x))e−2
∫
f(x)dx
(43)
In the following, we choose some specific forms for the
generating function and find some exact solutions.
1. g(x) = λe
α2
2
x
Where α and λ are constant parameters. In this case
f(x) = α
2
2 > 0. Using equation (40) we get
φ(x) = φ0 ± α(x − x0) (44)
where φ0 and x0 are the values of φ(t) and x(t) at t = t0.
Also, the Hojman conserved quantity (41) yields to the
following solution for x(t)
x(t) = x0 +
2
α2
ln
[
1 +
Q0α
2
2λ
e−
α2
2 x0(t− t0)
]
(45)
Furthermore, substituting the expression f(x) = α
2
2 into
(43) and using (44), we find
V (ϕ) =
2(6− α2)Q20
α4λ2
e∓αϕ (46)
where ϕ = φ − φ0. We summarize the solutions for a(t)
and ϕ(t) for the above generic potential as follows
a(t) = ex0
[
1 +
Q0α
2
2λ
e−
α2
2 x0(t− t0)
] 2
α2
ϕ(t) = ± 2
α
ln
[
1 +
Q0α
2
2λ
e−
α2
2 x0(t− t0)
] (47)
2. g(x) = (f0+x)
1+α
1+α
(α > 0)
Where α and f0 are constant parameters. In this case,
f(x) = α
f0+x
. Thus f(x) > 0 if f0+x > 0. Using equation
(40) we find
φ(x) = φ0 ±
√
8α(f0 + x)∓
√
8α(f0 + x0) (48)
Furthermore, the Hojman conserved quantity (41) leads
to
x(t) = −f0 +
(
(1 + α)Q0(t− t0) + (f0 + x0)1+α
) 1
1+α
(49)
And the generic potential V (ϕ) is given by
V (ϕ) = λϕ−4α − 8
3
λα2ϕ−4α−2 (50)
where ϕ = φ− φ0 ±
√
8α(f0 + x0) and λ = 3Q
2
0(64α
2)α.
Note that if α = − 1
n
(n < 0), the above potential co-
incides with potential (31). This shows that different
5symmetry vectors can lead to the same potential. How-
ever, considering that α is a positive real number and n is
an integer number, potentials (50) is more general than
(31).
3. g(x) = −
√
2α
(
x+ e2α
2x
)
Where α is a real number. In this case, one can easily
verify that f(x) > 0 for every α. Using the Hojman
conserved quantity, we have
x(t) =
1
2α2
[
τ −W (2α2eτ )] (51)
where W is the Lambert W function and τ is defined as
τ = −
√
2α(g(x0) +Q0(t− t0)) (52)
Note that as before x0 = x(t0). Also, the scalar field φ
with respect to x is given by
φ(x) = φ0± 2
α
arcsinh
(√
2αeα
2x
)
∓ 2
α
arcsinh
(√
2αeα
2x0
)
(53)
Finally, the generic potential with respect to ϕ can be
written as
V (ϕ) = Q20
[
sech6
(αϕ
2
)
− 2α
2 − 3
2α2
sech4
(αϕ
2
)]
(54)
Where ϕ = φ − φ0 ± 2αarcsinh
(√
2αeα
2x0
)
. Now let us
summarize the exact solution for the above potential
a(τ) = e
1
2α2
[τ−W (2α2eτ )]
ϕ(τ) =
2
α
arcsinh
[√
2α e
1
2α2
(τ−W (2α2eτ ))
] (55)
In this model, if α2 ≤ 32 , V (ϕ) > 0 and so it can be
considered as a quintessence model. We will consider
some important features of such a model in Sec. V.
4. g(x) = 1
α
ln
[
tanh
(
αφ(x)
2
)]
If the generating function is given as a function of φ,
then the equation (39) can be rewritten as follows(
dx
dφ
)−1(
1
2
+
d2x
dφ2
)
=
g′′(φ)
g′(φ)
(56)
This is a nonlinear differential equation for x(φ). On
the other hand, the Hojman conserved quantity can be
written as
φ˙g′(φ) = Q0 (57)
Furthermore, using equation (24) the generic potential
can be written directly with respect to φ
V (φ) = Q20(3− f(φ))e∓
∫ √
2f(φ)dφ (58)
Now, let us solve equation (56) for the given generating
function g(φ). The result is
x(φ) =
β
2α2
ln
[
tanh
(
αφ
2
)]
− 1
2α2
ln [sinh(αφ)] (59)
where β is an integration constant. Thus f(φ) is
f(φ) =
2α2sinh2(αφ)
[β − cosh(αφ)]2 > 0 (60)
With f(φ) in hand, we can find the potential V (φ) using
equation (58), namely
V (φ) = Q20(3− 2α2)
[
cosh(αφ) − β
1− 23α2
]2
+ 2α2Q20
(
β2
1− 23α2
) (61)
If we assume that β = 1 − 23α2 then the potential (61)
can be rewritten as
V (φ) = V0[cosh(αφ) − 1]2 + Λ (62)
where V0 = 3Q
2
0β and Λ = 3Q
2
0(1 − β)β. This poten-
tial is similar to the potential suggested by Sahni and
Wang [11]. We recall that the generic potential of the
quintessence model introduced in [11], is given by
V (φ) = V0[cosh(αφ) − 1]p (63)
where α and p are constant parameters. Although the
parameter Λ is zero in [11] (note that Λ can not be zero
in the potential (62)), the potential (62) is similar to the
potential (63) with p = 2.
Equation (57) yields to the following solution for φ(t)
φ(τ) =
2
α
arctanh(eτ ) (64)
in which τ = α(Q0t + φc), and φc is an integration con-
stant. Substituting this solution into (59), the cosmic
scale factor is
a(τ) = e
β
2α2
τ [sinh(2arctanh(eτ ))]
− 1
2α2 (65)
As final remark, it is important to stress again that these
exact solutions strictly depend on the Hojman conserved
quantities that allow to reduce the dynamical system.
V. THE SPACE-PHASE VIEW OF THE MODEL
Motivating by the interesting form of potential (54),
obtained by explicitly requiring the Hojman symmetry,
we consider now some features of the related cosmologi-
cal model in the phase-space view [12]. The scalar field
potential (54), can be recast in the suitable form
V (ϕ) = V 0
[
α1sech
4(αϕ) + α2sech
6(αϕ)
]
(66)
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FIG. 1: The thick line and the dashed line represent the po-
tential (α1, α2) = (0, 1) and (α1, α2) = (1,−1) respectively.
We consider the dynamics of this model in a spatially
flat FRW universe with Hubble parameter H , in which
both matter and radiation are present. The evolution
equations are
H2 =
1
3
(ρm + ρr + ρϕ)
H˙ = −1
2
(ρm +
4
3
ρr + ϕ˙
2)
ϕ¨+ 3Hϕ˙+
dV
dϕ
= 0
(67)
where ρm and ρr are the matter and radiation energy
densities respectively; ρϕ =
1
2 ϕ˙
2 + V (ϕ) is the scalar
field energy density. Now, let us define the following
dimensionless variables [12, 13]
x =
1√
6
ϕ˙
H
y =
1√
3
√
V
H
z =
1√
3
√
ρr
H
λ = −V,ϕ
V
(68)
Using these variables and also evolution equations (67),
one can set the following autonomous system
x′ =
√
3
2
λy2 +
3
2
x(−1 + x2 + 1
3
z2 − y2)
y′ = −
√
3
2
λxy +
3
2
y(1 + x2 +
1
3
z2 − y2)
z′ = −z
2
(1− 3x2 − z2 + 3y2)
λ′ = −
√
6(Γ− 1)x
(69)
where prime denotes derivative with respect to ln a, and
Γ =
V,ϕϕV
V 2,ϕ
(70)
Moreover, using the definitions (68), one can easily verify
the algebraic expressions Ωϕ = x
2+y2, Ωr = z
2 and also
x2 + y2 + z2 = (1− Ωm) ≤ 1 (71)
ωϕ =
Pϕ
ρϕ
=
x2 − y2
x2 + y2
(72)
where Ωm, Ωr and Ωϕ are dimensionless cosmological
density parameters (Ωi =
ρi
3H2 ). Using the dynami-
cal system approach, we will consider two simple cases
(α1, α2) = (0, 1) and (α1, α2) = (1,−1). These poten-
tials are shown schematically in Fig 1. It is clear, from
the autonomous equations (69), that the phase space is
four dimensional (x,y,z,λ). In order to describe the dy-
namics via more illustrative figures, we will use the pro-
jection of the trajectories onto the x−y plane. Therefore
taking into account the bound (71), the dynamics can be
described by trajectories within a unit circle in the x− y
plane [12]. Fixed points in the phase space correspond to
solutions where the scalar field has a constant equation
of state ωϕ and the scale factor of the universe evolves as
a ∼ t 23(1+ωϕ) . Thus ωϕ < − 13 gives rise to an accelerated
expansion.
a) V (ϕ) = V0sech
6(αϕ)
For this potential the fixed (or critical) points, i.e. the
points that verify x′ = y′ = z′ = λ′ = 0 are listed in
Table I. Depending on the value of α there are only four
stable (or attractor) points. If α2 ≥ 112 then A± and B±
are attractor points and for α2 < 112 , C± and D± are the
attractor points.
Let us first consider the unstable points. For every
value of α, there are six fixed points H±, I± and J± that
correspond to solutions where the constraint (71) is dom-
inated by the kinetic energy of the scalar field. These
solutions are unstable, and since the scalar field rolls
down the potential energy in the presence of the ”fric-
tion force” −3Hϕ˙ (see equation (67)), we expect them
to be relevant at early times. On the other hand, the
fixed point G± correspond to the scalar field dominated
solutions (Ωϕ = 1) where the constraint (71) is domi-
nated by the potential energy density of the scalar field.
For these points x = λ = 0 and so ϕ˙ = dV
dϕ
= 0. This
means that G± correspond to solutions where the scalar
field is frozen at the pick of the potential. It is natural
that this points are unstable.
There are also two types of fluid dominated solutions E
and F±. Note that since the coordinate λ can take every
value in the four dimensional phase space, these solutions
represent infinite number of fixed points. E correspond
to a matter dominated universe. On the other hand, so-
lutions F± correspond to a radiation dominated universe.
The fact that E and F± are unstable is cosmologically
plausible. Because, we do not expect that the universe
remains in a fluid dominated phase forever. Also, this
means that the energy density of the scalar field never
vanishes with respect to the matter and radiation in the
universe. We will show that depending on the value of
α, the energy density of the scalar field either dominates
7TABLE I: The critical points of V ∼ sech6(αϕ)
Point x y z λ (Ωr,Ωφ) ωϕ Existence Stability
A± − 12√6α ±
1
2
√
6α
0 −6α (0, 1
12α2
) 0 α2 ≥ 1
12
α2 ≥ 1
12
B± 12√6α ±
1
2
√
6α
0 6α (0, 1
12α2
) 0 α2 ≥ 1
12
α2 ≥ 1
12
C± −
√
6α ±√1− 6α2 0 −6α (0, 1) (12α2 − 1) α2 ≤ 1
6
α2 < 1
12
D±
√
6α ±√1− 6α2 0 6α (0, 1) (12α2 − 1) α2 ≤ 1
6
α2 < 1
12
E 0 0 0 ∀λ (0, 0) undefined ∀ α, λ unstable
F± 0 0 ±1 ∀λ (1, 0) undefined ∀ α, λ unstable
G± 0 ±1 0 0 (0, 1) −1 ∀ α unstable
H± ±1 0 0 6α (0, 0) 1 ∀ α unstable
I± ±1 0 0 −6α (0, 0) 1 ∀ α unstable
J± ±1 0 0 6α (0, 0) 1 ∀ α unstable
K± −
√
2
3
√
3α
± 1
3
√
3α
±
√
1− 1
9α2
−6α (1− 1
9α2
, 1
9α2
) 1
3
α2 ≥ 1
9
unstable
L±
√
2
3
√
3α
± 1
3
√
3α
±
√
1− 1
9α2
6α (1− 1
9α2
, 1
9α2
) 1
3
α2 ≥ 1
9
unstable
the other matter fields in the universe or remains propor-
tional to the matter energy density.
The critical points K± and L± correspond to the scal-
ing solutions where
ρϕ
ρr
= 19α2−1 . The matter energy
density for these solutions is zero. Since these solutions
are unstable, we can say that the matter energy density
never vanishes while both ρϕ and ρr are nonzero.
Now, let us consider the attractor points. Attractor
points A±, B± differ in several features from C±, D±, so
we consider them separately.
Attractors of type A± and B±. These attractors exist
if α2 ≥ 112 . They correspond to the late time scaling solu-
tions where the energy density of the scalar field remains
proportional to that of the matter fluid. Note that for
these solutions Ωr = 0, and neither the scalar field nor
the matter fluid entirely dominates the evolution of the
universe. Also the deceleration parameter (q = − a¨
aH2
)
for these solutions is q = 12 . Therefore, these solutions
correspond to a decelerating expansion.
In Fig. 2, we show the projection of the phase space
trajectories onto the x − y plane for α = 1. In this case,
the four attractor points are (x, y) = (± 1
2
√
6
,± 1
2
√
6
). For
a proper choice of initial conditions, the trend of Ωm, Ωr
and Ωϕ is reported in Fig 3. Also the evolution of the
equation of state parameter ωϕ with respect to ln a has
been shown in Fig. 4.
Attractors of type C± and D±. These attractors exist
if α2 < 112 . They correspond to the late time scalar field
dominated universe (Ωϕ=1) where the equation of state
parameter ωϕ = (12α
2 − 1) < 0 and the deceleration
parameter q = (18α2 − 1). Therefore, the expansion can
be accelerated if α2 < 118 . The two dimensional subspace
of the phase space for α = 0.1 is reported in Fig. 5.
A cosmologically acceptable trajectory should start with
the radiation dominated era where z ∼ 1, then enter to
the matter dominated era (z ∼ x ∼ y ∼ 0) and finally
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FIG. 2: Projection of the phase space onto the x − y plane
for α = 1 for the potential V ∼ sech6(αϕ). The late time
attractors are scaling solution with (x, y) = (± 1
2
√
6
,± 1
2
√
6
).
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FIG. 3: Behavior of cosmological density parameters Ωϕ
(thick line), Ωr (dashed line) and Ωm (dotted line) for α = 1
for the potential V ∼ sech6(αϕ) as a function of ln a.
fall into one the attractors C±, D±.
In Fig. 6, we have chosen a set of initial conditions
which leads to a cosmologically acceptable trajectory.
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FIG. 4: The evolution of ωϕ for α = 1 for the potential V ∼
sech6(αϕ).
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FIG. 5: Projection of the phase space onto the x − y plane
for α = 0.1 for the potential V ∼ sech6(αϕ). The late time
attractors are scalar field dominated universe with (x, y) =
(±0.245,±0.969)
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FIG. 6: The evolution of the density parameters for α = 0.1
for the potential V ∼ sech6(αϕ). The initial conditions at
lna = −7 are (x, y, z, λ) = (10−5, 1.6× 10−5, 0.95, 1).
However, it is quite clear that in order to be consistent
with the observed current matter content of the universe,
we have to choice the initial conditions in such a way that
the late time scalar field dominated attractor is not yet
reached at the present epoch. Therefore, we inevitably
confront a kind of fine tuning problem. It is necessary
to note that for the potential under consideration the di-
mensionless parameter Γ < 1, and so it is expected that
this model has not tracking solutions [14]. In other words,
the solutions are quite sensitive to the initial conditions.
In this case, the evolution of ωϕ has been shown in Fig.
7. When the solution reaches the attractor, ωϕ reaches
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FIG. 7: Behavior of ωϕ for α = 0.1 for the potential
V ∼ sech6(αϕ). The initial conditions at lna = −7 are
(x, y, z, λ) = (10−5, 1.6 × 10−5, 0.95, 1).
to the constant value −0.88.
b) V (ϕ) = V0[sech
4(αϕ)− sech6(αϕ)]
In this case, the region of existence and stability of the
critical points are listed in Table II. We shall see that
the cosmological behavior of this model is similar to the
previous model. Depending on the value of α, there are
only two attractor points. If α2 ≥ 316 then there exist
two attractor points M±. Otherwise, if α2 < 316 , N± are
the attractor points.
As in the previous subsection, let us first consider the
unstable points. For every value of α, there are two crit-
ical points T± that correspond to solutions where the
constraint (71) is dominated by the kinetic energy of the
scalar field. These solutions are unstable and as we men-
tioned before, they are expected to be relevant at early
times.
The unstable fixed points S± correspond to the scalar
field dominated solutions (Ωϕ = 1) where the constraint
(71) is dominated by the potential energy density of the
scalar field. Since λ = 0, so these points correspond to
solutions where the scalar field is at rest at the pick of
the potential.
There are also two types of fluid dominated unstable
solutions R and Q±. R corresponds to a matter domi-
nated universe. Q+ and Q− correspond to a expanding
radiation dominated universe and to a contracting ra-
diation dominated universe respectively. As we already
mentioned, the existence of these critical points means
that the energy density of the scalar field never vanishes
with respect to the other matter content of the universe.
The critical points O± and P± correspond to the scal-
ing solutions for which
ρϕ
ρr
= 14α2−1 . The matter energy
density for these solutions is zero. Since these solutions
are unstable, we conclude that the matter energy density
never vanishes while
ρϕ
ρr
is a nonzero constant.
Now let us consider the attractor points in more detail.
Attractors of type M±. They correspond to the late
time decelerating scaling solutions where the scalar field
energy density and the matter share a finite and constant
portion of the cosmic energy content. M+ corresponds to
9a expanding universe and N− to a contracting universe.
For these solutions the radiation energy density is zero
and neither the scalar field nor the matter fluid entirely
dominates the evolution.
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FIG. 8: Projection of the phase space onto the x − y plane
for α = 0.7. The late time attractors are the scaling solution
with (x, y) = (0.44,±0.44).
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FIG. 9: Behavior of the cosmological density parameters with
respect to ln a for α = 0.7.
-5 0 5 10 15 20
-1.0
-0.5
0.0
0.5
lna
Ω
Φ
FIG. 10: Evolution of ωϕ with respect to ln a for α = 0.7
In Fig. 8, we show the projection of the phase space
trajectories onto the x−y plane for α = 0.7. In this case,
the late time attractor points are (x, y) = (0.44,±0.44).
For a proper choice of initial conditions, the trend of Ωm,
Ωr and Ωϕ is reported in Fig 9. Also, the evolution of
the equation of state parameter ωϕ with respect to ln a
has been shown in Fig. 10.
Attractors of type N±. They correspond to the late
time scalar field dominated universe where the equation
of state parameter ωϕ = (
16
3 α
2−1) < 0 and the decelera-
tion parameter q = (−1+8α2). Therefore, the expansion
can be accelerated if α2 < 18 . The two dimensional sub-
space of the phase space for α = 0.4 is shown in Fig.
11.
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FIG. 11: Projection of the phase space onto the x − y plane
for α = 0.4. The late time attractors are the scaling solution
with (x, y) = (0.653,±0.757).
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FIG. 12: Evolution of the cosmological density parameters for
α = 0.4. The initial conditions at ln a = −6 are (x, y, z, λ) =
(−10−3, 2.2× 10−4, 0.4, 1).
In Fig. 12, the behavior of the cosmological density
parameters for α = 0.4 is reported. The initial conditions
have been set at ln a = −6 as (x, y, z, λ) = (−10−3, 2.2×
10−4, 0.4, 1). These initial conditions lead to Ωϕ = 0.734
and Ωm = 0.267 at the present epoch . In this case, α
2 >
1
8 and so the attractor point corresponds to a decelerating
expanding universe.
The behavior of the deceleration parameter q is shown
in Fig. 13. The thick line represents the evolution of the
deceleration parameter q with respect to ln a for α = 0.4.
The dashed line represents q for the ΛCDM model. As it
is clear from this figure, the evolution of the deceleration
parameter in the scalar field model is quite different from
that of the ΛCDM model. For both models, q begins at a
value near +1 in the early times. In both models, at the
same time, the universe enters the stage of acceleration.
However, in the ΛCDM model, the universe remains in
the accelerated expansion forever. On the other hand, in
the case of the scalar field model, the universe stays in
the phase of accelerated expansion for a finite time. In
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TABLE II: The critical points of V ∼ [sech4(αϕ)− sech6(αϕ)]
Point x y z λ (Ωr,Ωφ) ωϕ Existence Stability
M±
√
3√
32α
±
√
3√
32α
0 4α (0, 3
16α2
) 0 α2 ≥ 3
16
α2 ≥ 3
16
N±
√
8
3
α ±
√
1− 8
3
α2 0 4α (0, 1) 16
3
α2 − 1 α2 ≤ 3
8
α2 < 3
16
O± 1√6α ±
1√
12α
−
√
1− 1
4α2
4α (1− 1
4α2
, 1
4α2
) 1
3
α2 ≥ 1
4
unstable
P± 1√
6α
± 1√
12α
√
1− 1
4α2
4α (1− 1
4α2
, 1
4α2
) 1
3
α2 ≥ 1
4
unstable
Q± 0 0 ±1 ∀λ (1, 0) undefined ∀ α unstable
R 0 0 0 ∀λ (0, 0) undefined ∀ α unstable
S± 0 ±1 0 0 (0, 1) −1 ∀ α unstable
T± ±1 0 0 0 (0, 1) 1 ∀ α unstable
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FIG. 13: Behavior of the deceleration parameter q for α = 0.4
(thick line) and q for the ΛCDM model (dashed line). The
initial conditions for the ΛCDM model have been chosen in
such a way that lead to Ωϕ = 0.734 and Ωm = 0.267 at present
time.
other words, the universe will eventually return to the
phase of deceleration. When the solution reaches the
attractor point, q reaches to the value q = +0.28 and
the universe stays in the decelerated phase forever. Note
that in this phase, although the scalar field (dark energy)
is dominating, the expansion is decelerating.
VI. CONCLUSION
In this paper, we introduced a new approach for find-
ing out exact solutions for cosmological models. It is in
some senses similar to the Noether symmetry approach
but there is no need to construct point-like Lagrangians
generating the equations of motion. This means that
the so-called Hojman symmetries can exist also for dy-
namical system where a Lagrangian representation is not
possible.
In particular, we have taken into account scalar-field
cosmology models showing how the Hojman symmetry
fixes the scalar field potential and allows the exact inte-
gration of dynamics. Specifically, using this approach
we found a class of general interesting potentials, i.e.
V (φ) = V0
(
α1sech
4(αϕ) + α2sech
6(αϕ)
)
which are use-
ful for dark-energy purposes. We found out exact solu-
tions for the scale factor a(t) and the scalar field φ(t).
Finally, by a dynamical system analysis, we inves-
tigated this potential for the two cases α1 = 0 and
α2 = −α1. By a phase-space representation, we showed
that, for both cases, interesting attractor solutions ex-
ists. A class of attractors corresponds to the late time
scaling solutions where the energy density of the scalar
field remains proportional to that of the matter energy
density. Another class of attractor solutions corresponds
to the late time scalar field dominated universe. Clearly,
a detailed analysis in view of observations is out of the
scope of the present paper but will be the argument of
forthcoming studies.
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